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ABSTRACT 
We show that for binary matroids the properties of being Euler and bipartite are 
dual concepts, thus generalizing Euler's theorem for graphs. 
An extensive generalization and simplification of graph theory by the 
use of matroids and their duals is given by Tutte [1]. Here we show how 
Euler's well-known graph theorem has an appealing matroid general- 
ization. 
Several different sets of axioms may be used to define a matroid (see 
[1], [2], or [3] or [4]). We follow Edmonds and define a matroid (S, M) 
to be a finite set S together with a family M of independent subsets of S 
such that: 
(1) ~eM. 
(2) If A is independent and B C .4, then B is independent. 
(3) If X is any subset of S, the maximal independent subsets of X have 
the same cardinality. 
A base of (S, M) is a maximal independent subset of S. Associated with 
any matoid (S, M) is a dual matroid (S, M*) defined to be the matroid 
having as bases the complements in S of bases of (S, M). 
A dependent set of (S, M) is any set which is not independent and a 
circuit is a minimal dependent set. A cocircuit of (S, M) is a circuit of the 
dual matroid (S, M*). 
Generalizing raph-theoretic concepts we call a matroid (S, M) an 
Euler matroid if there exist disjoint circuits (71, Ca ,..., C~ such that 
S = G + C2 + ... + C~. 
We define (S, M) to be a bipartite matroid if every circuit has even 
cardinality. 
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Tutte [1] defines binary matroids in terms of chain groups over the 
field of integers mod 2. We use (5.34) of [1] and define (S, M) to be binary 
if any non-null mod 2 sum of circuits of (S, M) is a union of disjoint 
circuits of (S, M). He shows that the dual of a binary matroid is also a 
binary matroid and from [2] we have the alternative definition that a 
matroid is binary iff for any circuit C and cocircuit D of (S, M), r C ~ D I 
is even. 
We prove 
THEOREM. A binary matroid is Euler iff its dual matroid is bipartite. 
The above does not hold for non-binary matroids. 
EXAMPLE. Let S be any set of cardinality 2k § 1 (k odd and >3). 
Let M be all sets with cardinality ~k. Then the circuits of (S, M) are all 
sets with cardinality exactly k .§ 1. Thus (S, M) is bipartite but (S, M*) 
is not Euler. 
PROOF OF THEOREM: Let (S, M) be Euler and binary so that 
s= c1+ ... + c~,  
where {Ci} are disjoint circuits. Let D be any cocircuit. Then since (S, M) 
is binary 
]D~ C~] =2k i ,  1 <~i~p;  
hence 
!D] = ~]DnC~' ,  = 2~Ir 
i 
and (S, M*) is bipartite. 
Suppose now (S, M) is binary and bipartite. We use induction on I S I 
to show that (S, M*) is Euler. Assume that this holds for matroids having 
fewer I S ! elements. We may suppose that S @ r Let X be any cocircuit 
of (S, M). Such a cocircuit must exist for let x e S and suppose x belongs 
to no cocircuit, then x belongs to every base of (& M*). Hence {x} belongs 
to no base of (S, M). Thus {x} is a singleton dependent subset which forms 
a circuit of odd cardinality contradicting the bipartite hypothesis. 
We wish to express S as the union of a mutually disjoint set of cocircuits. 
If X = S, then clearly there is nothing further to prove. When X is a 
proper subset of S, let S' = S -- X and consider the reduction matroid 
(S', M .S') of [1, (3.3)]. 
(S', M 9 S) has an circuits the minimal non-null members of the family 
L = {G c~ s'} 
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where q runs over the circuits of (S, M), Since (S, M) is bipartite I q I is 
even for all i and since (S, M) is binary and Xis a cocircuit of M, ] X n C, I 
is even for all i. Hence 
I qnS ' l  = lq l - lqnx l  
is even for all i and therefore the reduction matroid (S', M .  S') is bipartite. 
Also since any reduction of a binary matroid is binary, by the induction 
hypothesis 
S' ---- Ax + A2 + "'" + A~, 
where At are mutually disjoint cocircuits of (S', M .  S'). But any cocircuit 
of (S', M .  S'). is a co circuit of (S, M). Hence 
S=X+AI+ ""WAR 
is a partition of S into mutually disjoint cocircuits. Thus (S, M*) is an 
Euler matroid and the theorem is proved. 
The application of this to graphs is clear. Let G be any graph and let 
[E(G), M(G)] be the polygon matroid of G. It is not difficult to see that 
[E(G), M(G)] is an Euler matroid iff G is Euler in the sense that every 
vertex has even degree. Thus the bond matroid of an Euler graph must be 
a bipartite matroid and this gives a matroid proof of the following well- 
known results in graph theory: 
(1) The faces of a planar graph G are colorable in 2 colors iff G is an 
Euler graph. 
(2) G is an Euler graph iff all its bonds have even cardinality. 
(3) G is a bipartite graph iff its edge set can be partitioned into disjoint 
bonds. 
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